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A MULTI-MATERIAL TRANSPORT PROBLEM
WITH ARBITRARY MARGINALS
A. MARCHESE, A. MASSACCESI, S. STUVARD, AND R. TIONE
Abstract. In this paper we study general transportation problems in Rn, in which m different
goods are moved simultaneously. The initial and final positions of the goods are represented by
measures µ−, µ+ on Rn with values in Rm. When the measures are finite atomic, a discrete
transportation network is a measure T on Rn with values in Rn×m represented by an oriented
graph G in Rn whose edges carry multiplicities in Rm. The constraint is encoded in the relation
div(T ) = µ− − µ+. The cost of the discrete transportation T is obtained integrating on G a
general function C : Rm → R of the multiplicity. When the initial data
(
µ−, µ+
)
are arbitrary
(possibly diffuse), the cost of a transportation network between them is computed by relaxation
of the functional on graphs mentioned above. Our main result establishes the existence of cost-
minimizing transportation networks for arbitrary data
(
µ−, µ+
)
. Furthermore, under additional
assumptions on the cost integrand C, we prove the existence of transportation networks with finite
cost and the stability of the minimizers with respect to variations of the given data.
Keywords: Transportation networks, Branched transportation, Multi-material transport problem,
Normal currents.
MSC : 49Q10, 49Q15, 49Q20.
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1. Introduction
In several transportation problems one may be interested in considering a cost functional which
privileges the aggregation of mass particles during the transportation and prevents diffusion. This
automatically produces optimal transportation networks with branched structures. The branching be-
haviour of optimal transportation systems is evident in many natural phenomena, such as the structure
of the nerves of a leaf and the roots of a tree, of river basins and of the bronchial, the cardiovascular,
and the nervous system, as well as in several human-designed supply-demand systems, like water and
energy distribution or urban planning.
The most popular Eulerian formulation of branched transportation was proposed by Xia in [Xia03]:
in this model, a 1-rectifiable vector-valued measure on Rn (also called a 1-dimensional rectifiable cur-
rent) T = ~T ‖T ‖ is considered as a transportation network connecting an initial positive measure µ−
to a target positive measure µ+ with the same mass. Here, ‖T ‖ is a positive Radon measure, which
is supported on a 1-rectifiable set E ⊂ Rn and is absolutely continuous with respect to the Hausdorff
measure H1 restricted to E, and ~T is a unit vector field on Rn, which is tangent to E at ‖T ‖-almost
every point. The condition that T transports µ− onto µ+ is encoded in the relation div T = µ−−µ+,
generalizing the Kirchhoff circuit laws. At every point x in the ambient space, the direction of the
flow of mass through x and the intensity of the flow are represented respectively by ~T (x) and by
the Radon-Nikodým density θ(x) of ‖T ‖ with respect to the measure H1 restricted to E. The cost
functional is obtained integrating on E a fractional power α ∈ (0, 1) of the density θ. In [MSM03],
an equivalent model was proposed by Maddalena, Morel, and Solimini, who presented a Lagrangian
formulation of the problem, in which one traces the trajectory of each mass particle, thus gaining
the possibility to introduce stricter types of constraint (see the description of the mailing problem in
[BCM09]).
The model introduced above describes the transportation of a single material. In the present paper,
we are interested in the possibility to transport simultaneously a number m of different types of goods
or commodities. We want to allow the interaction between different commodities to be independent:
aggregating two unit masses of a certain pair of commodities might be more or less convenient than
aggregating two unit masses of a different pair. In particular, the cost per unit length of the trans-
portation of a collection of goods will depend not only on the total mass of that collection, but on the
actual array whose components represent the masses (and the directions) of each single commodity.
An example which justifies our interest is given by the power line communication technology (PLC),
which uses the electric power distribution network for data transmission. Even though electricity and
data signal can be transported along the same network, they cannot be treated as a single material,
for example because the users’ concentration and demands are not necessarily proportional.
In analogy with the model proposed by Xia, our given datum is an m-tuple of initial (positive)
measures (µ−1 , . . . , µ
−
m) on R
n, and an m-tuple of target (positive) measures (µ+1 , . . . , µ
+
m). For
j = 1, . . . ,m, µ−j and µ
+
j represent the initial and the target distribution of the j-th commodity
respectively (and therefore they must have equal masses). The difference between the initial and
the target m-tuples can be represented as a vector-valued measure ν on Rn with values in Rm. The
equality between the masses of each component is rephrased by requiring that ν(v) = 0 for every
constant vectorfield v : Rn → Rm. A transportation network connecting the initial measures to the
target ones is a vector-valued measure T = ~T ‖T ‖, where ‖T ‖ is a positive Radon measure on Rn
and ~T : Rn → Rn×m is a unit vectorfield. The constraint is given by the relation div T = ν. In an
equivalent language, such objects are called 1-dimensional normal currents in Rn with coefficients in
Rm, and the divergence constraint corresponds to prescribing the boundary of the currents.
Regarding the cost functional, we consider a quite general function C : Rm → [0,∞), and we use
it to define the functional on a special class of measures, which in the language of currents are called
1-dimensional polyhedral chains. These are Rn×m-valued measures on Rn of the form
T =
∑
e∈E(G)
(τe ⊗ θ(e))H1 e ,
where:
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• E(G) is the set of the (non-overlapping) edges e of a finite graph G ⊂ Rn;
• for each e ∈ E(G), τe ⊗ θ(e) ∈ Rn×m ∼ Mat(n × m) is a constant rank-1 matrix whose
columns are of the type θj(e) τe (j = 1, . . . ,m), with θj(e) ∈ R and τe ∈ Rn a fixed unit
vector orienting e;
• H1 e is the restriction to e of the one-dimensional Hausdorff measure in Rn.
The cost functional for such a T is simply obtained integrating on G the function C(θ1(e), . . . , θm(e)),
with respect to the measure H1, namely
E(T ) :=
∑
e∈E(G)
C(θ1(e), . . . , θm(e))H1(e),
which is well-defined and lower semi-continuous on the class of polyhedral chains, under minimal
assumptions on the function C.
Heuristically, C(θ1, . . . , θm) represents the cost per unit length for the joint transportation of an
amount θ1 of the commodity indexed by 1, together with an amount θ2 of the commodity indexed by
2, etc... Different signs of the θj ’s encode the possibility to transport the corresponding commodities
with two possible orientations along each stretch of the transportation network. The cost functional
for a general T is defined via relaxation.
The model presented above for multi-material transport is the natural extension of the discrete
model proposed in [MMT17]. We remark that the possibility to describe the transportation of a
vector-valued quantity via 1-dimensional currents with coefficients in Rm was also suggested in the
final comments of [BW18]. In this paper we prove the existence of minimizers for any admissible
given datum, under minimal assumptions on the cost. Under mild additional assumptions, we prove
that for any admissible given datum the corresponding minimizers have finite energy. Moreover,
under the same assumptions we prove that the problem is stable: namely, a sequence of minimizers
corresponding to a converging family of given data, converges to a minimizer of the limit problem.
The main statements of the paper are summarized in Section 3.
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2. Notation
The standard orthonormal basis of Rn is denoted by (e1, . . . , en), and the coordinates of a vector
a ∈ Rn with respect to this basis are (a1, . . . , an). Given a ∈ Rn, b ∈ Rm, we denote by a ⊗ b the
element of Rn×m ∼ Mat(n × m) defined by (a ⊗ b)ij := aibj. The vector spaces of k-vectors and
k-covectors in Rn (1 ≤ k ≤ n) are denoted, respectively, by Λk(Rn) and Λk(Rn). We shall regard
Λk(Rn) and Λk(Rn) as normed vector spaces with the mass norm |·| and comass norm ‖·‖ respectively
(see [Fed69, 1.8.1]). We write B(x, r) for the open ball of center x ∈ Rn and radius r > 0. The symbol
|·| will always denote the Euclidean norm in Rn, and we will set Sn−1 := {x ∈ Rn : |x| = 1}. The
characteristic function of a set A, taking values 0 and 1, is denoted by 1A. We denote by M (Rn)
the space of signed Radon measures on Rn, namely the vector space of real-valued measures on the
σ-algebra of Borel sets that are locally finite and inner regular. We denote also by M+(Rn) the subset
of positive measures. Given a normed vector space V with dual V ∗, the duality pairing between two
elements w ∈ V ∗ and v ∈ V is denoted by 〈w, v〉. We denote by M (Rn, V ) the space of vector-valued
measures with values in V . By the Radon-Nikodým theorem, every measure T ∈ M (Rn, V ) can be
uniquely written as
T = ~T ‖T ‖ , (2.1)
where ‖T ‖ ∈ M+(Rn) is the total variation measure of T and ~T : Rn → V is a unit vectorfield. The
equality (2.1) means that, for every Borel vectorfield w : Rn → V ∗, it holds
T (w) =
ˆ
Rn
〈w, ~T 〉 d‖T ‖.
The mass of a measure T ∈ M (Rn, V ) is the quantity
M(T ) := ‖T ‖(Rn).
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If µ ∈ M (Rn), the negative and positive parts of µ are the positive measures respectively defined by
µ− :=
‖µ‖ − µ
2
and µ+ :=
‖µ‖+ µ
2
.
We denote by
spt(µ) :=
⋂
{C ⊂ Rn : C is closed and ‖µ‖(Rn \ C) = 0}
the support of µ. We say that µ is supported on a Borel set E if ‖µ‖(Rn \ E) = 0. We say that µ is
atomic if it is supported on a countable set, and discrete or finite atomic if it is supported on a set
of finitely many points. If µ is a Radon measure in Rn and f ∈ L1loc(Rn, (0,∞) ;µ) then we let f µ
denote the Radon measure
(f µ)(E) :=
ˆ
E
f dµ .
In particular, for a measure µ ∈ M (Rn) and a Borel set E ⊂ Rn, µ E is the restriction of µ to E,
i.e. the measure 1E µ. We say that two measures µ and ν are mutually singular if there exists a Borel
set E such that ‖µ‖ = ‖µ‖ E and ‖ν‖ = ‖ν‖ Ec. We use Hk to denote the k-dimensional Hausdorff
measure, see [Sim83].
3. Multi-material transport problem
A discrete model for the multi-material transport problem is described in [MMT17], using 1-
dimensional integral currents with coefficients in Rm (m being the number of transported commodi-
ties). In that paper, the particles are assumed to have integer-valued masses (or, equivalently, integer
multiples of a fixed real number). Here we describe a continuous model, obtained via relaxation of
a cost functional (similar to that introduced by Gilbert [Gil67]) defined on discrete transportation
networks represented by directed graphs with multiplicities in Rm. Although a proper description of
the model would require notions from the theory of currents with coefficients in groups, in this section
we present the model and we state the main results of the paper using the language of vector-valued
measures, in order to make the content of the paper more accessible also to readers who are not
familiar with the theory of currents. A drawback of this simplified presentation is the fact that, in the
definition of cost functional, we need to use a notion of convergence (called flat-convergence) which
is defined for currents and it would not have a natural definition for vector-valued measures. Hence,
we will postpone the definition of such convergence to Section 4, where we present a brief summary
of the notions from the theory of currents with coefficients in Rm that are used through the paper.
3.1. Multi-material fluxes. A 1-dimensional polyhedral chain in Rn with coefficients in Rm is a
vector-valued measure T ∈ M(Rn,Rn×m) of the form
T =
∑
e∈E(G)
(τe ⊗ θ(e))H1 e ,
where:
(i) G ⊂ Rn is a finite graph, i.e. a set consisting of a finite union of closed line segments. The
collection of all such segments is denoted E(G), and each element e ∈ E(G) is called an edge of
the graph G. We will assume that the edges are non-overlapping, i.e. two edges may intersect
only at the end-points;
(ii) for each edge e ∈ E(G), τe ∈ Sn−1 is a fixed orientation of e, and θ(e) := (θ1(e), . . . , θm(e)) ∈
Rm. Thus, τe ⊗ θ(e) is a rank-1 (n ×m)-matrix with all columns parallel to e. We will call
θ(e) the vector-valued multiplicity associated to e (note that θ(e) is defined up to a sign, given
that both τe and −τe are suitable orientations for e).
Let us call xe and ye the end-points of e, with the convention that ye − xe is a positive multiple of
τe. It is easy to check that the distributional divergence of T satisfies
div T =
∑
e∈E(G)
θ(e)(δxe − δye),
where we denoted with δP the Dirac mass at the point P ∈ Rn. The latter observation motivates the
following definition.
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Definition 3.1 (Discrete multi-material flux). Given two discrete vector-valued measures µ−, µ+ ∈
M(Rn,Rm), and given T ∈ M(Rn,Rn×m) a 1-dimensional polyhedral chain in Rn with coefficients
in Rm, we say that T is a discrete multi-material flux between µ− and µ+ if div T = µ− − µ+.
Observe that a necessary condition for the existence of a discrete multi-material flux between two
discrete vector-valued measures µ− and µ+ is that µ−(v) = µ+(v) for every constant vectorfield
v : Rn → Rm. The condition is also sufficient, since, given µ− :=∑Lℓ=1 θ−ℓ δxℓ and µ+ :=∑Hh=1 θ+h δyh ,
the cone T over µ+ − µ− with vertex 0 satisfies div T = µ− − µ+. The cone T is defined as
T :=
H∑
h=1
(τ+h ⊗ θ+h )H1 S+h −
L∑
ℓ=1
(τ−ℓ ⊗ θ−ℓ )H1 S−ℓ , (3.1)
where we denoted τ+h and τ
−
ℓ the unit vectors obtained normalizing yh and xℓ respectively (or 0 if the
corresponding point is the origin) and by S+h and S
−
ℓ the segments joining yh and xℓ to the origin.
The general definition of a multi-material flux is obtained via the following approximation procedure.
Definition 3.2 (Multi-material flux). Given two vector-valued measures µ−, µ+ ∈ M(Rn,Rm), with
compact support, and given T ∈ M(Rn,Rn×m), we say that T is a multi-material flux between µ−
and µ+ if there exist sequences of discrete vector-valued measures µ−h , µ
+
h ∈ M(Rn,Rm) (h = 1, 2, . . . )
and a sequence of discrete multi-material fluxes Th ∈M(Rn,Rn×m) between µ−h and µ+h , all supported
on a common compact set, such that
(µ−h − µ+h )
∗
⇀ (µ− − µ+) and Th ∗⇀ T as h ↑ ∞ ,
where the convergence is with respect to the weak-∗ topology of vector-valued measures.
Observe that a multi-material flux has compact support. Moreover, by the Banach-Steinhaus
theorem, it holds
sup
h
{M(Th) +M(µ−h − µ+h )} <∞.
Lastly, the continuity of the distributional divergence with respect to the weak-∗ convergence ensures
that
div T = µ− − µ+.
Again, a necessary and sufficient condition for the existence of a multi-material flux between two
compactly supported vector-valued measures µ− and µ+ is that µ−(v) = µ+(v) for every constant
vectorfield v : Rn → Rm. In this case, we say that the vector-valued measures µ− and µ+ are
compatible. To check that the condition is sufficient one should generalize the argument given for the
discrete setting, via the so called cone construction (see [Fed69, 4.3.14]).
Remark 3.3 (Normal currents with coefficients in Rm and multi-material fluxes). In the language
of currents (which we introduce in Section 4), every compactly supported one-dimensional normal
current T in Rn with coefficients in Rm having boundary µ+ − µ− is a multi-material flux between
µ− and µ+: this is a consequence of the polyhedral approximation theorem for normal currents, cf.
[Fed69, Theorem 4.2.24]. The non-emptiness of the class of competitors is guaranteed again by the
cone construction. In fact, applying [Fed69, Theorem 4.2.24] to every component of T (see Section 4
for the definition of components), one could even guarantee the existence of an approximating sequence
Th as in Definition 3.2 satisfying the bounds
sup
h
{M(Th)} ≤ mM(T ), sup
h
{M(µ−h − µ+h )} ≤ mM(µ− − µ+).
Remark 3.4 (Multi-material fluxes as transportation networks). Let ν = ~ν‖ν‖ be the difference
µ− − µ+. Writing ~ν in components with respect to the standard basis of Rm, one can represent ν via
an m-tuple of real-valued measures νj (j = 1, . . . ,m) (the components of ν), where, for j = 1, . . . ,m,
we denoted
νj(A) := ν(ej1A) for every Borel set A ⊂ Rn.
Similarly, a multi-material flux T between µ− and µ+ can be represented via an m-tuple of vector-
valued measures Tj ∈ M(Rn,Rn) (the components of T ) by
Tj(v) := T (v ⊗ ej) for every Borel vectorfield v : Rn → Rn.
Denoting, for j = 1, . . . ,m, (νj)− and (νj)+ the negative and the positive part of the real-valued mea-
sure νj respectively, the vector-valued measures Tj are “classical” mass-fluxes between the measures
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(νj)− and (νj)+ as in [BW18, Definition 2.1]. In conclusion, the multi-material flux T can be in-
terpreted as a transportation network which moves simultaneously the mass (νj)− of the commodity
indexed by j onto the mass (νj)+, for every j = 1, . . . ,m.
3.2. The cost functional. Generalizing [Xia03] (see also [BW18]), we define a generalmulti-material
transportation cost C : Rm → [0,∞), and we define the cost functional (also called energy and therefore
denoted E) of a discrete multi-material flux T associated to a finite graph G with multiplicity θ in
Rm, integrating C(θ) on G with respect to H1. The cost functional of a general multi-material flux is
defined via relaxation. The assumptions on C are the minimal assumptions which guarantee that the
relaxed functional coincides with the original one on discrete multi-material fluxes.
We define a partial order  on Rm as follows: we write η  θ if and only if sign(ηj) sign(θj) ≥ 0
and |ηj | ≤ |θj |, for every j ∈ 1, . . . ,m. Observe that this coincides with the lexicographic order on the
positive orthant and with its suitable “reflection” on all other orthants. Points which belong to the
interior of distinct orthants are not comparable.
Definition 3.5 (Multi-material transportation cost). A multi-material transportation cost is a func-
tion C : Rm → [0,∞) such that
(i) C is even and C(θ) = 0 if and only if θ = 0;
(ii) C is lower semi-continuous;
(iii) C is subadditive, i.e. C(η + θ) ≤ C(η) + C(θ);
(iv) C is monotone non-decreasing, i.e. C(η) ≤ C(θ) if η  θ.
Definition 3.6 (Cost functional). .
(i) (Discrete case) Given a discrete multi-material flux T associated to a finite graph G with
multiplicity θ in Rm, its cost functional (or energy) is the quantity
E(T ) :=
∑
e∈E(G)
C(θ(e))H1(e).
(ii) (General case) Given two compactly supported, compatible vector-valued measures µ−, µ+ ∈
M(Rn,Rm) and given T ∈M(Rn,Rn×m) a multi-material flux between µ− and µ+, we define
E(T ) := inf{lim inf
h
E(Th) : F(Th − T )→ 0},
where Th are discrete multi-material fluxes between µ
−
h and µ
+
h , all supported on a common
compact set, and F denotes the flat-distance between the associated flat chains (see §4.6).
Remark 3.7 (Comments on the definition). .
(i) (Discrete case) Observe that the energy is well-defined: in particular, since C is even, E does
not depend on the orientation chosen on each edge e ∈ E(G).
(ii) (General case) We will give a precise definition of flat-distance later. For the moment, we can
anticipate that, whenever
sup
h
{M(Th) +M(µ−h − µ+h )} <∞,
it holds
F(Th − T )→ 0 ⇐⇒ (Th ∗⇀ T and (µ−h − µ+h )
∗
⇀ (µ− − µ+)).
Nevertheless, we remark that the condition F(Th − T )→ 0 does not imply in general that the
masses of the Th’s and of the (µ
−
h − µ+h )’s are equi-bounded.
3.3. Statement of the problem and main existence result. Now we can naturally define the
following minimization problem.
Definition 3.8 (Multi-material transport problem). Given a pair of compactly supported, compatible
vector-valued measures µ− and µ+ ∈M(Rn,Rm), we say that a multi-material flux T ∈M(Rn,Rn×m)
between µ− and µ+ is a solution of the multi-material transport problem for the pair (µ−, µ+) if
E(T ) ≤ E(S), for every multi-material flux S between µ− and µ+.
We will prove the following result.
Theorem 3.9 (Existence of minimizers). Let µ− and µ+ ∈ M(Rn,Rm) be a pair of compactly
supported, compatible vector-valued measures. Then the associated multi-material transport problem
admits a solution.
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3.4. Stability of minimizers. Once the existence of solutions has been guaranteed, it is natural
to ask whether minimizers of multi-material transport problems enjoy a stability property, that is,
whether, under suitable assumptions, they converge to minimizers of the limit problem. Such a
property is clearly crucial in view of numerical simulations. In particular, it allows us to exploit the
calibration technique introduced in [MM16a, MM16b] and extended to the discrete multi-material
transport problem in [MMT17]. We begin with the following remark.
Remark 3.10 (Multi-material fluxes with finite energy). Even if the class of competitors for a given
pair of compatible measures (µ−, µ+) is always non-empty, the multi-material transport problem could
be trivial: namely, it is possible that there is no multi-material flux between µ− and µ+ with finite
energy. In this case, we can say that every competitor is a solution. In Section 7, we give a sufficient
condition on the multi-material transportation cost C for the problem to be non-trivial, namely for
every pair of compactly supported, compatible measures (µ−, µ+) to admit a competitor with finite
energy. Following [BW18], we call such multi-material transportation costs admissible (see Definition
7.1).
Without any assumptions on the cost functional C, stability results for branched transportation
problems are not elementary (see e.g. [CDM, CDM18, CDRM18]). In §7.1 we prove that, if the
multi-material transportation cost is admissible, then the multi-material transport problem is stable.
Theorem 3.11 (Stability of minimizers). Let C be an admissible multi-material transportation cost.
Let µ−h , µ
+
h be a sequence of pairs of compatible vector-valued measures in M(Rn,Rm) all supported
on a common compact set, and let Th be minimizers of the multi-material transport problem for the
pair (µ−h , µ
+
h ). Assume, moreover, that
µ±h
∗
⇀ µ± and sup
h
{E(Th) +M(Th)} <∞.
Then, up to subsequences, Th
∗
⇀ T , where T is a minimizer of the multi-material transport problem
for the pair (µ−, µ+).
4. Currents with coefficients in Rm
In this section we define currents with coefficients in Rm as the dual of a suitable space of differential
forms. When we write classical forms/currents, we refer to forms/currents with coefficients in R as in
[Fed69, Section 4]; a concise exposition, mostly sufficient to our aims, can also be found in [BW18, 2.5].
The main goal of this section is to convey the idea that the properties of a current with coefficients
in Rm can be studied by applying the results of the classical theory to the m-tuple of its components.
4.1. Rm-valued covectors and forms. A map
ω : Λk(R
n)× Rm → R (4.1)
is an Rm-valued k-covector on Rn (1 ≤ k ≤ n) if:
(1) ∀τ ∈ Λk(Rn), ω(τ, ·) ∈ (Rm)∗;
(2) ∀v ∈ Rm, ω(·, v) : Λk(Rn)→ R is a classical k-covector.
The evaluation will be denoted with ω(τ, v). The space of Rm-valued k-covectors on Rn is denoted
Λk
Rm
(Rn). We also set Λ0
Rm
(Rn) := (Rm)∗.
For every k, the space of Rm-valued k-covectors on Rn is a normed vector space when endowed
with the norm
‖ω‖ := sup{|ω(τ, ·)| : |τ | ≤ 1 , τ is simple} .
We can write the action of an Rm-valued k-covector as
ω(τ, v) =
m∑
j=1
vjωj(τ) ,
where vj are the components of v in the standard basis {e1, . . . , em} of Rm, and, for j = 1, . . . ,m, the
functions ωj : τ 7→ ω(τ, ej) are classical k-covectors, called the components of ω.
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An Rm-valued differential k-form on Rn is a map
ω : Rn → ΛkRm(Rn).
We say that ω is smooth if every component ωj is a classical smooth differential k-form. We denote
by
D
k
Rm
(Rn) := C∞c (R
n,Λk
Rm
(Rn))
the vector space of smooth Rm-valued differential k-forms on Rn with compact support.
The exterior differential of an Rm-valued differential k-form ω on Rn is defined as the Rm-valued
differential (k + 1)-form dω on Rn whose components satisfy (dω)j = d(ωj), for every j = 1, . . . ,m.
Moreover, the functional ‖ω‖c := supx∈Rn ‖ω(x)‖ defines a norm on DkRm(Rn), called the comass
norm.
4.2. Currents with coefficients in Rm. Let T be a linear functional on Dk
Rm
(Rn). The components
of T are the linear functionals on Dk(Rn) := C∞c (R
n,Λk(Rn)) defined by Tj(ω) := T (ωˆj), where ωˆj
is the Rm-valued differential k-form on Rn whose j-th component coincides with ω and all other
components are zero. We say that T is continuous if and only if every component Tj is a classical
k-dimensional current. The space of continuous linear functional on Dk
Rm
(Rn) is called the space of
k-dimensional currents with coefficients in Rm, and will be denoted DR
m
k (R
n). We will sometimes
write T = (T1, . . . , Tm) if T ∈ DRmk (Rn) has components T1, . . . , Tm.
4.3. Boundary and mass. Let T ∈ DRmk (Rn), with 1 ≤ k ≤ n. The boundary of T is the current
∂T ∈ DRmk−1(Rn) defined by
∂T (φ) := T (dφ), ∀φ ∈ Dk−1
Rm
(Rn).
Observe that (∂T )j = ∂Tj, namely that ∂T = (∂T1, . . . , ∂Tm) if T = (T1, . . . , Tm). Also note that
∂(∂T ) = 0 for every T ∈ DRmk (Rn).
The functional on Dk
Rm
(Rn) defined by
M(T ) := sup{|T (ω)| : ‖ω‖c ≤ 1} (4.2)
is called mass. A current T with coefficients in Rm such that M(T ) + M(∂T ) < +∞ is called
normal. The space of k-dimensional normal currents on Rn with coefficients in Rm will be denoted
by N R
m
k (R
n).
4.4. Currents with finite mass. To every current T ∈ DRmk (Rn) with finite mass one can associate
a finite Borel measure defined on open sets by
‖T ‖(Ω) := sup{T (ω) : ω ∈ DkRm(Rn) , ‖ω‖c ≤ 1 , spt(ω) ⊂ Ω}.
Let Tj be the components of T , for j = 1, . . . ,m. Since every Tj is a classical current with finite
mass, Riesz’s representation theorem allows to represent Tj by integration, in the sense that
Tj(ω) =
ˆ
Rn
〈ωx, τj(x)〉 d‖Tj‖(x) ∀ω ∈ Dk(Rn) , (4.3)
where the measure ‖Tj‖ is defined on open sets as above by
‖Tj‖(Ω) := sup{Tj(ω) : ω ∈ Dk(Rn) , ‖ω‖c ≤ 1 , spt(ω) ⊂ Ω} ,
and where τj : Rn → Λk(Rn) is a ‖Tj‖-measurable classical k-vector field with mass ‖τj‖ = 1 at
‖Tj‖-almost every point.
Now, the very definition of components easily implies that each measure ‖Tj‖ is absolutely con-
tinuous with respect to ‖T ‖. Hence, by the Radon-Nikodým theorem, there exist ‖T ‖-integrable,
non-negative functions tj : Rn → R with tj ≤ 1 ‖T ‖-almost everywhere such that ‖Tj‖ = tj‖T ‖. Let
ω ∈ Dk
Rm
(Rn) be an Rm-valued differential k-form, let ωj be its components, and let again ωˆj denote
the Rm-valued differential k-form having ωj as its jth component and all the other components set
equal to zero. Then, ω =
∑
j ωˆj , and we can compute
T (ω) = T
 m∑
j=1
ωˆj
 = m∑
j=1
T (ωˆj) =
m∑
j=1
Tj(ωj) =
m∑
j=1
ˆ
Rn
〈(ωj)x, τj(x)〉 d‖Tj‖(x)
=
ˆ
Rn
m∑
j=1
ωx(τj(x), tj(x)ej) d‖T ‖(x) .
(4.4)
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If we let AT : Rn → Λk(Rn)⊗ Rm denote the ‖T ‖-measurable tensor field given by
AT :=
m∑
j=1
τj ⊗ tjej ,
we can formally write T = AT ‖T ‖, which has to be understood in the sense that the action of T on
any ω ∈ Dk
Rm
(Rn) is as prescribed by equation (4.4). The jth component of T is represented by the
jth “column” of the tensor field AT , as we can write Tj = τj tj‖T ‖ for every j = 1, . . . ,m.
4.5. Rectifiable currents with coefficients in Rm. Let T be a k-current with coefficients in Rm
and finite mass. We say that T is rectifiable, and we write T ∈ RRmk (Rn), if it can be represented as
T = (τ ⊗ θ)Hk E, where:
(i) E is a countably k-rectifiable set in Rn, i.e. E can be covered, up to an Hk-null set, by the
images of countably many Lipschitz maps of Rk into Rn;
(ii) τ is a simple k-vectorfield with |τ(x)| = 1 and τ(x) is orienting the approximate tangent space
Tan(E, x) at Hk-a.e. x ∈ E;
(iii) θ : E → Rm belongs to ∈ L1loc(E,Rm;Hk E).
The k-vectorfield τ and the function θ will be called an orienting k-vector and the multiplicity
vector of T , respectively. A rectifiable current is called polyhedral if E is a finite union of k-dimensional
oriented simplexes with disjoint relative interiors and τ, θ are constant on the relative interior of each
simplex. The space of polyhedral k-currents with coefficients in Rm is denoted PR
m
k (R
n). Notice
that, when k = 1, the class of polyhedral currents with coefficients in Rm coincides with the class of
polyhedral chains with coefficients in Rm that has been introduced in Section 3.1.
4.6. Flat norm and flat chains with coefficients in Rm. The flat norm is defined for T ∈
PR
m
k (R
n) as:
F(T ) := inf{M(S) +M(R) : T = R+ ∂S ,R ∈ PRmk (Rn) , S ∈ PR
m
k+1(R
n)}.
The space of k-dimensional flat chains with coefficients in Rm, denoted FR
m
k (R
n), is defined as the
completion of the space PR
m
k (R
n) with respect to the flat norm. In particular, T ∈ DRmk (Rn) is a
k-dimensional flat chain with coefficients in Rm if and only if every component Tj of T is a classical
flat chain. Moreover, it holds
F(T ) ≤
m∑
j=1
F(Tj), (4.5)
and clearly F(Tj) ≤ F(T ) for every j. Hence, the convergence in flat norm for currents with coefficients
in Rm is equivalent to the convergence in flat norm of every component.
Remark 4.1. We remark here that a current with coefficients in Rm is rectifiable, polyhedral, flat,
normal or with finite mass if and only if all of its components are so. The classical theory of real
currents, therefore, provides all the tools needed to work with currents with coefficients in Rm. At the
same time, flat chains with coefficients in Rm may be introduced as a particular instance of the theory
of flat chains with coefficients in a normed Abelian group G, as pioneered by Fleming [Fle66] and
extensively studied in the literature (see e.g. [Whi99a, Whi99b, DPH12, DPH14]), when G = (Rm,+)
equipped with the standard Euclidean norm. For the purposes of the present paper, the two approaches
may be considered equivalent.
4.7. Currents and vector-valued measures. The following fundamental result holds.
Theorem 4.2. If K ⊂ Rn is a compact set, and r ≥ 0, then the set
{T ∈ N Rmk (Rn) : spt(T ) ⊂ K , M(T ) +M(∂T ) ≤ r}
is F-compact in FR
m
k (R
n).
For a proof of this theorem in the general case of currents with coefficients in groups see [Fle66,
Lemma 7.4].
As we have seen in §4.4, currents of finite mass with coefficients in Rm are identified with finite
measures with values in Λk(Rn) ⊗ Rm. Hence, the previous compactness result and the density
with respect to the uniform topology of smooth forms in continuous ones guarantees that the flat
convergence and the weak-∗ convergence of the associated measures coincide in a class of normal
currents with equi-bounded masses and masses of the boundaries. Observe that in Definition 3.6 no
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bound on the masses and masses of the boundaries is guaranteed on the sequence of polyhedral chains
which are converging to T in the flat norm. Hence, in principle, the functional E defined in there might
not coincide with the lower semi-continuous relaxation made with respect to the weak-∗ convergence
of the vector-valued measures and of their distributional divergences. For all other purposes of the
paper we can think of vector-valued measures and currents as being completely equivalent.
4.8. Energy functional on spaces of currents with coefficients in Rm. Now that we have
developed the terminology, let us rephrase the definition of the functional E in terms of currents with
coefficients in Rm. We will give the definition for currents of arbitrary dimension k, although the
dimensions k = 0 and k = 1 are the only relevant in view of the application to the multi-material
transport problem.
Let C : Rm → R be as in Definition 3.5. If P ∈ PRmk (Rn) is a polyhedral current of the form
P =
N∑
ℓ=1
(τℓ ⊗ θℓ)Hk σℓ
for orienting k-vectors τℓ ∈ Λk(Rn), multiplicities θℓ ∈ Rm and non-overlapping k-dimensional sim-
plexes σℓ, then we set
E(P ) :=
N∑
ℓ=1
C(θℓ)Hk(σℓ) . (4.6)
The functional E is extended to FR
m
k (R
n) by relaxation: if T ∈ FRmk (Rn) then
E(T ) := inf
{
lim inf
h→∞
E(Ph) : {Ph}h ⊂ PR
m
k (R
n) with F(T − Ph)→ 0
}
. (4.7)
4.9. Decomposition of flat chains. In the coming sections, we will use the following result, the
proof of which can be found in [Šil08, Theorem 4.2] in the case of classical flat chains; the proof in the
case of a flat chain T with coefficients in Rm can be easily deduced by applying the classical result to
each of the m components of T .
Theorem 4.3. Let T ∈ FRmk (Rn) be a flat current with finite mass. Then, we can decompose
T = Trec + Tdiff ,
where:
(1) Trec ∈ RRmk (Rn) ∩ {T ∈ DR
m
k (R
n) : M(T ) <∞};
(2) ‖Tdiff‖(A) = 0 for every k-rectifiable set A ⊂ Rn.
We will call Trec and Tdiff the rectifiable part and the diffuse part of T respectively. The decomposition
is unique.
5. Preliminaries to the existence theory
In this section we will collect some ancillary results that are needed in order to prove the main
theorems of this note.
5.1. Properties of the multi-material transportation cost. We begin our program with the
following lemma, which contains a detailed analysis of the properties of multi-material transpostation
costs.
Lemma 5.1. Let C : Rm → R be a multi-material transportation cost as in Definition 3.5. Then:
(1) the right-derivative of C in the direction v at 0, defined as limt→0+ C(tv)t , and denoted with
∂+C
∂v
(0), exists (possibly infinite) for every v ∈ Rm. Moreover,
∂+C
∂v
(0) = sup
t>0
C(tv)
t
∀ v ∈ Rm . (5.1)
(2) the function v 7→ ∂+C
∂v
(0) is positively 1-homogeneous, even, strictly positive on Rm \ {0},
subadditive, and monotone with respect to the partial order  on Rm;
(3) the set V := {v ∈ Rm : ∂+C
∂v
(0) < +∞} is a vector subspace of Rm, and a basis for V is given
by B := {ej : ∂+C∂ej (0) < +∞};
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(4) the function v ∈ V 7→ ∂+C
∂v
(0) is bounded on Sm−1 ∩ V , with estimates:
∂+C
∂v
(0) ≤
∑
j : ej∈B
|vj |∂
+C
∂ej
(0) ≤ m∂
+C
∂v
(0) ∀ v =
∑
j : ej∈B
vjej ∈ Sm−1 ∩ V ; (5.2)
(5) v 7→ ∂+C
∂v
(0) is continuous on V ;
(6) for every δ > 0 there exists a constant c = c(δ) > 0 such that
|v| ≤ c C(v) ∀ v ∈ B(0, δ) . (5.3)
Proof. The proof of (1) can be found in [Kuc09, Theorem 16.3.3]. In order to apply that theorem,
we only need to show that, for every v ∈ Rm, it is either limt→0+ C(tv) = 0 or lim inft→0+ C(tv) > 0.
To prove that for a multi-material cost this is always verified, we simply observe that the function
t 7→ C(tv) is non-decreasing for t > 0. Therefore, the limit limt→0+ C(tv) exists, and, since C is a
non-negative function, it is either 0 or positive.
We now prove (2). The fact that the directional derivatives are positively 1-homogeneous functions
is due to basic properties of the limit. To simplify the notation, we denote ∂
+C
∂v
(0) with f(v). f is
even because such is C. Its strict positivity is a direct consequence of the strict positivity of C and
(5.1). Subadditivity is checked in the following way. Write
C(t(v1 + v2)) ≤ C(tv1) + C(tv2) ∀t > 0 , ∀ v1, v2 ∈ Rm.
Dividing by t and taking the limit we get the desired inequality. Finally, by the monotonicity of C,
we also have
C(tv1) ≤ C(tv2) ∀t > 0 , v1  v2.
Once again passing to the incremental quotients we infer the same inequality for f .
To prove (3) it is sufficient to write every vector v ∈ Rm in components as v = ∑mj=1 vjej and
observe that
f(v) ≤
m∑
j=1
f(vjej),
by subadditivity. Observe that, since f is even, f(sign(vj)ej) = f(ej), ∀j ∈ {1, . . . ,m}. Therefore, by
subadditivity, positive homogeneity and evenness we deduce
f(v) ≤
m∑
j=1
|vj |f(sign(vj)ej) =
m∑
j=1
|vj |f(ej). (5.4)
This inequality proves that span(B) ⊆ V . On the other hand, suppose that v = ∑mj=1 vjej is such
that vℓ 6= 0 for some ℓ such that eℓ /∈ B. We need to show that
f(v) = +∞.
This is a consequence of the monotonicity of f . Indeed, since f is even, we can always suppose that
vℓ is positive, and write
f(vℓeℓ) ≤ f(v). (5.5)
By homogeneity we infer that f(vℓeℓ) = vℓf(eℓ) = +∞. We obtain that V = span(B) and we conclude
the proof of (3).
Conclusion (4) has already been proved with equations (5.4) and (5.5). We will now prove (5).
We will let r := dimV and identify V with Rr. Consider a sequence {vh}h∈N in V converging to
v ∈ V . We prove the continuity of f by proving separately upper and lower semi-continuity. The
upper semi-continuity is proved as follows. By subadditivity,
C(tvh) ≤ C(t(vh − v)) + C(tv) ∀h ∈ N .
Denote with wh := vh − v. Then, using equation (5.1) and the homogeneity of f , we have:
C(t(vh − v)) ≤ f
(
wh
|wh|
)
t|wh| ∀ t > 0 , ∀h ∈ N .
Since, by (4), f is bounded by a constant L on the sphere of V , we obtain:
sup
t>0
C(t(vh − v))
t
≤ f
(
wh
|wh|
)
|wh| ≤ L|wh| ∀h ∈ N .
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Hence
C(tvh)
t
≤ L|wh|+ C(tv)
t
≤ L|wh|+ sup
t>0
C(tv)
t
= L|wh|+ f(v) ∀h ∈ N .
Taking the limit as t→ 0+, we get
f(vh) ≤ L|wh|+ f(v) ∀h ∈ N ,
and finally
lim sup
h
f(vh) ≤ f(v) .
Lower semi-continuity is completely analogous. It suffices to use subadditivity to write, ∀h ∈ N,
C(tv) ≤ C(t(vh − v)) + C(tvh),
and repeat the proof of the upper semi-continuity.
We will now prove (6). Since ∂
+C
∂ej
(0) is strictly positive for every j = 1, . . . ,m, there exist α > 0
and ε > 0 such that, whenever v =
∑m
j=1 vjej ∈ Rm satisfies |v| < ε, one has:
|vj | ≤ α C(|vj |ej) = α C(vjej) ∀ j = 1, . . . ,m .
By the monotonicity of the cost, we can write
|vj | ≤ α C(v) ∀ j ∈ {1, . . . ,m} ,
and, by taking the maximum over j,
|v|∞ ≤ α C(v) ∀ v ∈ B(0, ε) ,
which evidently implies
|v| ≤ √mα C(v) ∀ v ∈ B(0, ε) . (5.6)
On the other hand, since C is lower semi-continuous, the function v 7→ |v|C(v) is upper semi-continuous
on every set not containing the origin. Therefore, the inequality in (5.6) holds, with a constant
depending on δ and ε, also in B(0, δ) \B(0, ε). This completes the proof. 
5.2. Properties of the energy functional on flat chains. We turn now our attention to study
the properties of the energy functional, regarded as a map
E : FR
m
1 (R
n)→ [0,+∞] ,
as defined in (4.6)-(4.7) when k = 1.
Here and in the sequel, we are going to adopt the following notation.
Notation 5.2 (Lift of a component). If T ∈ DRmk (Rn) is a current with coefficients in Rm, and Tj
is the jth component of T , we let Tˆj denote the current in D
R
m
k (R
n) having the jth component equal
to Tj and all other components set equal to zero. We will call Tˆj the lift of the component Tj to
DR
m
k (R
n). Note that any current with coefficients in Rm can be decomposed into the sum of the lifts
of its components, namely
T =
m∑
j=1
Tˆj , T ∈ DR
m
k (R
n) . (5.7)
The following lemma states that, if a flat chain T coincides with the lift of one of its components,
then one can find a (polyhedral) recovery sequence for its energy, enjoying the same property.
Lemma 5.3. Let T ∈ FRm1 (Rn) be a flat chain such that T = Tˆj for some j ∈ {1, . . . ,m}. Then,
there exists a sequence {P h}h∈N with P h ∈ PRm1 (Rn) such that
P h = P̂ hj for every h ∈ N , (5.8)
and
F(P h − T )→ 0 , E(P h)→ E(T ) as h→∞ . (5.9)
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Proof. Let T h be a recovery sequence for E(T ): namely, assume that {T h}h is a sequence of
polyhedral chains with coefficients in Rm such that
F(T − T h)→ 0 and E(T h)→ E(T ) as h→∞ .
Recall that the flat norm of a current with coefficients in Rm is comparable to the sum of the flat
norms of its components, cf. §4.6. For every h ∈ N, simply set P h := T̂ hj . In other words,
P h is obtained by projecting the multiplicities of T h onto the subspace span [ej ] ⊂ Rm, so that if
T h =
(
T h1 , . . . , T
h
j , . . . , T
h
m
)
then P h =
(
0, . . . , T hj , . . . , 0
)
. Obviously, (5.8) holds by construction, and
F(P h − T ) → 0 as h → ∞. Finally, the procedure does not increase the energy, by monotonicity of
the multi-material transportation cost C. Hence:
E(T ) ≤ lim inf
h→∞
E(P h) ≤ lim sup
h→∞
E(P h) ≤ lim sup
h→∞
E(T h) = E(T ) ,
which completes the proof. 
Proposition 5.4. Let C be a multi-material transport cost. The associated energy E has the following
properties:
(1) If T ∈ FRm1 (Rn), then
E(Tˆj) ≤ E(T ) for every j = 1, . . . ,m .
(2) If T, S ∈ FRm1 (Rn), then
E(T + S) ≤ E(T ) + E(S).
In particular,
E(T ) ≤
m∑
j=1
E(Tˆj) ≤ mE(T ) . (5.10)
(3) If A and B are disjoint Borel sets and T ∈ FRm1 (Rn) has finite mass, then
E(T (A ∪B)) = E(T A) + E(T B). (5.11)
In particular,
E(T ) = E(Trec) + E(Tdiff) . (5.12)
Proof. The proof of (1) is analogous to that of Lemma 5.3, by means of projecting the multiplicities
of a polyhedral recovery sequence onto the direction span[ej ]. Concerning (2), observe that the
subadditivity of E holds on polyhedral chains simply by the subadditivity of the cost C. The result
naturally extends to flat chains by approximation, and thus (5.10) is an immediate consequence of
(5.7) and (1). Finally, the proof of (5.11) can be found in [Whi99a, 6.1(3)]. If we apply Theorem 4.3
to decompose
T = Trec + Tdiff ,
then evidently the measures ‖Trec‖ and ‖Tdiff‖ are mutually singular, and in fact Trec = T E and
Tdiff = T E
c for some 1-rectifiable set E ⊂ Rn. Hence, (5.12) readily follows from (5.11). 
5.3. Monotonicity of the energy. In Proposition 5.4 (1) we have concluded that any component
of T (or, better said, the lift of any component of T ) has less energy than T . Our next goal is to
obtain an analogous result when we look at pieces of T rather than components. Let us first define
what a piece of a current is.
Let T ∈ D1(Rn) be a classical current with finite mass. We say that T ′ ∈ D1(Rn) is a piece of T if
M(T ) =M(T ′) +M(T − T ′).
By [Fed69, Section 4.1.7] one can see that if T is represented by integration as T = τµ, with τ a Borel
vectorfield in Rn and µ ∈ M+(Rn), then a piece T ′ of T can be written as T ′ = λτµ, for a Borel
function λ : Rn → [0, 1]. For T, T ′ ∈ FRm1 (Rn) we say that T ′ is a piece of T if every component T ′j
of T is a piece of the corresponding component Tj of T , for j = 1, . . . ,m.
The following is the anticipated monotonicity result for pieces of a flat current with coefficients in
Rm, which will play a fundamental role in our existence theory.
Proposition 5.5. Let T ∈ FRm1 (Rn) have finite mass, and let T ′ be a piece of T . Then E(T ′) ≤ E(T ).
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The result in Proposition 5.4 (1) stems from the analogous result valid in the case of polyhedral
currents, which in turn is an immediate consequence of the monotonicity properties of the function C.
The proof of Proposition 5.5 will also follow from a polyhedral approximation argument; the difficulty
here lies precisely in the construction of a suitable polyhedral approximation. The slicing theory for
classical normal currents is one of the ingredients that we are going to need for the proof. We recall
here that if S ∈ Nk(Rn), f : Rn → R is a Lipschitz function, and r is a real number, then 〈S, f, r〉
denotes the slice of the current S via the map f at level r. Intuitively, 〈S, f, r〉 may be thought of
as the (k − 1)-dimensional current obtained by “intersecting” S with the level set {f(x) = r}: this
interpretation is actually entirely correct (modulo specifying the orientation of the resulting object)
when S is the current associated with a smooth k-surface in Rn.
Proof of Proposition 5.5. Following the discussion in §4.4, write T = (τ1µ, . . . , τmµ), with µ ∈
M+(Rn) and τ1, . . . , τm Borel vectorfields in Rn satisfying |τj | ≤ 1 µ-almost everywhere for every j.
Let λ1, . . . , λm : Rn → [0, 1] be Borel functions such that T ′j = λjτjµ, for j = 1, . . . ,m. Fix ε > 0 and
k ∈ N. For every ℓ = (ℓ1, . . . , ℓm) ∈ {0, . . . , k}m, denote
Dℓ :=
{
x ∈ Rn : λj(x) ∈
[
ℓj
k
,
ℓj + 1
k
)
, j = 1, . . . ,m
}
.
For every ℓ, we also let Kℓ ⊂ Dℓ be a compact set such that
µ(Dℓ \Kℓ) < ε
(k + 1)m
. (5.13)
Since µ(Rn \⋃ℓDℓ) = 0, it follows from (5.13) that
µ(Rn \
⋃
ℓ
Kℓ) < ε. (5.14)
Observe that, since the Dℓ’s are finitely many disjoint sets, the mutual distances between the Kℓ’s
are bounded from below by a number 2ρ0 ≤ 1. Therefore, for every ρ < ρ0 the open sets
Aρℓ := {x ∈ Rn : dist(x,Kℓ) < ρ}
are mutually disjoint. For every j = 1, . . . ,m, for every ρ < ρ0, we denote
T ′′j :=
∑
ℓ
ℓj
k
Tj A
ρ
ℓ ,
and we let T ′′ ∈ FRm1 (Rn) be the current with components T ′′1 , . . . , T ′′m.
It follows from (5.14) and the definition of Dℓ that, for j = 1, . . . ,m, for every ρ < ρ0 we have
M(T ′′j − T ′j) ≤ 2µ
(
Rn \
⋃
ℓ
Kℓ
)
+M
(
(T ′′j − T ′j)
⋃
ℓ
Kℓ
)
≤ 2ε+
∑
ℓ
M(T ′′j Kℓ − T ′j Kℓ)
≤ 2ε+ 1
k
µ(Rn) .
(5.15)
Now, let us consider a recovery sequence {P h}h∈N for the energy of T , namely P h ∈ PRm1 (Rn)
with F(P h − T )→ 0 and E(P h)→ E(T ). We denote, for j = 1, . . . ,m, for every h ∈ N, for ρ < ρ0,
Qhj :=
∑
ℓ
ℓj
k
P hj A
ρ
ℓ ,
and we let Qh ∈ RRm1 (Rn) be the current with components Qh1 , . . . , Qhm. Observe that every Qhj is
supported on a relatively open subset Uhj (ρ) of the support of P
h
j . Therefore, for every h and for
j = 1, . . . ,m, Uhj (ρ) is the union of at most countably many line segments. Hence, there exists a set
Ehj (ρ) ⊂ Uhj (ρ), which consists of finitely many line segments, such that P ′hj := Qhj Ehj (ρ) ∈ P1(Rn)
and
M(Qhj (U
h
j (ρ) \ Ehj (ρ))) < ε , for every h, for j = 1, . . . ,m and for every ρ < ρ0. (5.16)
Finally, for every h ∈ N, we denote P ′h ∈ PRm1 (Rn) the current with components P ′h1 , . . . , P ′hm .
Clearly, P ′h is a piece of P h for every h, and thus, by monotonicity of C, we have E(P ′h) ≤ E(P h) for
every ρ < ρ0.
We claim that there exists ρ < ρ0 such that
F(P ′h − T ′) ≤ C(k, ε) for infinitely many h ∈ N , (CLAIM)
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where C(k, ε) vanishes in the limit as k → ∞ and ε → 0. This would imply that E(T ′) ≤ E(T ) and
conclude the proof.
As we observed in (4.5) we have F(P ′h−T ′) ≤∑mj=1 F(P ′hj −T ′j), hence it is sufficient to prove that
there exists ρ < ρ0 and an infinite set of indices H := {h1, h2, . . .}, such that for each j = 1, . . . ,m,
we have
F(P ′hj − T ′j) ≤ C(k, ε) for every h ∈ H.
For every h ∈ N, for every j ∈ {1, . . . ,m}, we have by (5.15) and (5.16)
F(P ′hj − T ′j) ≤ F(Qhj − T ′′j ) +M(Qhj − P ′hj ) +M(T ′j − T ′′j ) ≤ F(Qhj − T ′′j ) + 3ε+
1
k
µ(Rn)
≤
∑
ℓ
ℓj
k
F((Tj − P hj ) Aρℓ ) + 3ε+
1
k
µ(Rn) .
Hence, in order to prove the claim it suffices to show that for every ℓ there exists a positive constant
C (independent of ε and k) and a radius ρ < ρ0, such that
F((Tj − P hj ) Aρℓ ) < C
ε
(k + 1)m
for every j = 1, . . . ,m and for infinitely many h ∈ N .
In order to see this, fix ℓ ∈ {0, . . . , k}m and fix an index j ∈ {1, . . . ,m}. For every p = 1, 2, . . . let
hp ∈ N (with hp ≥ hp−1 for p ≥ 2) be such that
F(Tj − P hj ) <
ε
(k + 1)m
ρ0
2p+2
for every h ≥ hp .
Then, by the well-known characterization of the flat norm of classical currents (cf. [Fed69, Section
4.1.12]), for every h ≥ hp there are currents Rh ∈ D1(Rn) and Sh ∈ D2(Rn) such that
Tj − P hj = Rh + ∂Sh , M(Rh) +M(Sh) ≤
ε
(k + 1)m
ρ0
2p+1
. (5.17)
Observe that (5.17) implies that Sh is a normal current. Hence, by the classical slicing formula for
normal currents (see [Fed69, Section 4.2.1]) we have
(Tj − P hj ) Aρℓ = Rh Aρℓ + (∂Sh) Aρℓ
= Rh Aρℓ − 〈Sh, dist(·,Kℓ), ρ〉+ ∂(Sh Aρℓ )
(5.18)
for a.e. ρ < ρ0. On the other hand, since (see again [Fed69, Section 4.2.1])ˆ ρ0
0
M(〈Sh, dist(·,Kℓ), ρ〉) dρ ≤M(Sh Aρ0ℓ ) ≤
ε
(k + 1)m
ρ0
2p+1
,
then there exists a set Ih ⊂ (0, ρ0) of length |Ih| ≤ ρ02p+1m such that
M(〈Sh, dist(·,Kℓ), ρ〉) ≤ mε
(k + 1)m
for every ρ ∈ (0, ρ0) \ Ih, for every h ≥ hp . (5.19)
Set H := {hp}p≥1, I :=
⋃
p I
hp , and observe that |I| ≤ ρ02m . Hence, if we choose ρ ∈ (0, ρ0) \ I we
conclude that (5.19) holds true for every h ∈ H . In turn, this allows us to estimate from (5.18) that
F((Tj − P hj ) Aρℓ ) ≤M(Rh) +M(〈Sh, dKℓ , ρ〉) +M(Sh) ≤
2mε
(k + 1)m
for every h ∈ H , thus completing the proof.

6. Proof of the existence Theorem 3.9
The proof is by direct methods. Since we know that (by definition) the energy E is lower semi-
continuous with respect to the convergence in flat norm, our goal is to embed the minimization
problem introduced in Definition 3.8 in a class of 1-currents with coefficients in Rm which is compact
with respect to the topology induced by the flat norm. Let {T h}h∈N be a sequence of multi-material
fluxes between µ− and µ+ which is minimizing the energy E. The sequence T h consists of normal
1-currents with coefficients in Rm having a common boundary. Moreover, we can assume that the
currents T h are all supported on a common compact set (because the push-forward with respect to the
closest-point projection from Rn onto a convex polytope containing the support of µ− − µ+ does not
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increase the energy E, by the subadditivity of the cost). We can also assume that the infimum of the
energies E(T h) is finite. Nevertheless, the (finite) masses of the T h might in principle be unbounded
along the sequence. We will prove that one can perform an operation on each T h (which roughly
speaking consists in removing all its cycles) which preserves the boundary and does not increase the
energy. Moreover the modified currents T ′h satisfy
M(T ′h) ≤ CE(T ′h) ≤ CE(T h) .
This bound recasts the problem in a compact regime, hence the minimality of each element of the
(non-empty) class of subsequential limits of {T ′h}h∈N is guaranteed by direct methods.
6.1. Removing cycles. Let T ∈ N1(Rn) be a (classical) 1-dimensional normal current. We say that
S ∈ N1(Rn) is a cycle contained in T if
∂S = 0 and M(T ) =M(T − S) +M(S). (6.1)
In other words, a cycle contained in T is any piece of T with zero boundary. We say that T is acyclic
if there is no non-zero cycle contained in T . By [PS12, Proposition 3.8] one can identify the largest
cycle contained in a normal current T , i.e. a cycle S contained in T such that T ′ := T − S is acyclic.
We will call T ′ the acyclic part of T . First of all, let us observe that, since T ′ is a piece of T , if
T = ~T ‖T ‖, with unit orientation ~T , then T ′ can be written as
T ′ = λ~T ‖T ‖, (6.2)
where λ : Rn → [0, 1] is a measurable function. Also note that evidently ∂T ′ = ∂T , since T − T ′ has
zero boundary.
The following lemma contains a crucial observation for the proof of the existence theorem.
Lemma 6.1. Let T be an acyclic normal 1-current, and let R = τ θH1 E ∈ R1(Rn) be its rectifiable
part, according to the decomposition Theorem 4.3. Then |θ(x)| ≤ 12M(∂T ) for H1-a.e. x ∈ E.
Proof. Without loss of generality, write T = τ(|θ|H1 E+µ), where τ is unitary and µ(E′) = 0 for
every 1-rectifiable set E′. The proof is a small variation of the proof of Prop. 3.6 (2) of [CDRM18]. We
refer to that paper for the relevant notation. We just recall that we denote by π a positive measure
on the space Lip of Lipschitz curves such that 2M(π) = M(∂T ). We compute, for every smooth
compactly supported test function φ : Rn → R,ˆ
E
φ|θ| dH1 +
ˆ
Rn\E
φdµ =
ˆ
Rn
φd(|θ|H1 E + µ)
=
ˆ
Lip
(ˆ
E
φ1Imγ dH1 +
ˆ
Rn\E
φ1Imγ dH1
)
dπ (6.3)
=
ˆ
E
φ
(ˆ
Lip
1Imγ dπ
)
dH1 +
ˆ
Rn\E
φdν ,
where ν is a measure supported on Rn \ E. The equality implies that
|θ(x)| =
ˆ
Lip
1Imγ(x)dπ for H1-a.e. x ∈ E ,
which concludes the proof.

Proof of Theorem 3.9. In this proof we will implicitly identify vector-valued measures T ∈
M(Rn,Rn×m) and µ ∈ M(Rn,Rm) with 1-dimensional and 0-dimensional currents with coeffi-
cients in Rm and finite mass, respectively, and thus we will write T = AT ‖T ‖ and µ = ~µ‖µ‖ for
a ‖T ‖-measurable tensor field AT : Rn → Λ1(Rn) ⊗ Rm ≃ Rn×m and a ‖µ‖-measurable vector field
~µ : Rn → Rm . Similarly, recalling the notation of Remark 3.4, for j = 1, . . . ,m, a component Tj of T
and a component µj of µ are identified respectively with a (classical) 1-dimensional and 0-dimensional
current of finite mass.
Let T be a multi-material flux between µ− and µ+, whose components are (T1, . . . , Tm). For each
component Tj , let T ′j denote the acyclic part of Tj. By the definition of acyclic part of a current, T
′
j is a
piece of Tj for every j, and thus the current T ′ ∈ FRm1 (Rn) defined in components by T ′ = (T ′1, . . . , T ′m)
is a piece of T . From Proposition 5.5 it follows that
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E(T ′) ≤ E(T ) . (6.4)
Furthermore, ∂T ′ = ∂T , and thus T ′ is also a multi-material flux between µ− and µ+.
Next, we claim that there exists a constant C > 0 such that
M(T ′) ≤ CE(T ) . (6.5)
In order to see this, let us write, recalling Notation 5.2,
T =
∑
j
Tˆj , T
′ =
∑
j
T̂ ′j .
Let us decompose each Tj according to Theorem 4.3 into its rectifiable and diffuse part:
Tj = ξj θjH1 Ej + τj µj ,
where Ej ⊂ Rn is 1-rectifiable, |ξj(x)| = 1 at H1-a.e. x ∈ Ej , |τj(x)| = 1 µj-almost everywhere, and
µj(E) = 0 for every 1-rectifiable subset E. By definition of acyclic part of a current, we can represent
T ′j as
T ′j = ξj θ
′
jH1 Ej + τjλj µj ,
for some measurable λj : Rn → [0, 1] and for θ′j(x) ≤ θj(x) at H1-a.e. x ∈ E. Also, correspondingly
we have the representation
Tˆj = (ξj ⊗ θjej)H1 Ej + (τj ⊗ ej)µj , T̂ ′j = (ξj ⊗ θ′jej)H1 Ej + λj(τj ⊗ ej)µj .
Then, from Lemma 5.3 it immediately follows that
E(T̂ ′j) = inf
{
lim inf
h→∞
E(Ph) : {Ph}h sequences in Pj with F(T̂ ′j − Ph)→ 0
}
, (6.6)
where Pj is the class of polyhedral P ∈ PRm1 (Rn) of the form
P =
N∑
ℓ=1
(τℓ ⊗ ej)θℓH1 σℓ ,
where σℓ are finite unions of segments with disjoint relative interiors. In turn, the quantity on the
right-hand side of (6.6) is equivalent to
inf
{
lim inf
h→∞
Ej(Ph) : {Ph}h sequences in P1(Rn) with F(T ′j − Ph)→ 0
}
,
where
Ej(P ) :=
N∑
ℓ=1
C(θℓ ej)H1(σℓ) for P =
N∑
ℓ=1
τℓ θℓH1 σℓ .
Hence, by [BW18, Proposition 2.32] we can explicitly compute
E(T̂ ′j) =
ˆ
Ej
C(θ′j(x)ej) dH1(x) +
∂+C
∂ej
(0)
ˆ
Rn
λj(x) dµj(x) . (6.7)
Note that, by the above formula, if j ∈ {1, . . . ,m} is such that ∂+C
∂ej
(0) = ∞ (namely, if ej /∈ B,
using the notation of Lemma 5.1) then µj = 0 and T ′j = (T
′
j)rec.
In particular,
M(λj(τj ⊗ ej)µj) =
ˆ
Rn
λj(x) dµj(x) =
(
∂+C
∂ej
(0)
)−1
E(λj(τj ⊗ ej)µj) , (6.8)
with the formula valid also when ej /∈ B if we use the convention that ∞−1 = 0.
At the same time, from Lemma 6.1 we deduce that the ratio |θ′j(x)|/C(θ′j(x)ej) can be bounded by
max|θ|≤M(µ−−µ+) |θ|/C(θ) for almost every x ∈ E. Hence
M((ξ ⊗ θ′jej)H1 Ej) =
ˆ
Ej
|θ′j | dH1
≤
(
max
{θ∈Rm : |θ|≤M(µ−−µ+)}
|θ|
C(θ)
)
E((ξ ⊗ θ′jej)H1 Ej) . (6.9)
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Combining (6.8) and (6.9), and using (5.3) together with (5.12), we get that
M(T̂ ′j) ≤ CE(T̂ ′j) ,
where the constantC depends only on the quantitiesM(µ−−µ+) andmax
{(
∂+C
∂ej
)−1
: j = 1, . . . ,m
}
.
Finally, we conclude from (5.10) and (6.4):
M(T ′) ≤
∑
j
M(T̂ ′j) ≤ CE(T ′) ≤ CE(T ) .
By the discussion at the beginning of this Section, this implies that one can choose a minimizing
sequence {T ′h}h∈N for E which is precompact (with respect to the topology induced by the flat norm),
hence the multi-material transport problem admits a minimizer. 
7. Existence of multi-material fluxes with finite energy and stability
The aim of this section is to identify a class of multi-material transportation costs C : Rm → R
(that we call admissible) having the property that for any pair of compatible vector-valued measures
µ−, µ+ ∈ M(Rn,Rm) there exists a multi-material flux T ∈ M(Rn,Rn×m) between µ− and µ+
with E(T ) < ∞. We follow the strategy presented in [BW18]. We deduce a stability result for the
multi-material transport problem associated to admissible multi-material transportation costs.
Definition 7.1. A multi-material transportation cost C : Rm → R is admissible in Rn if there exists a
concave, non-decreasing function β : [0,∞)→ [0,∞) such that C(x, . . . , x) ≤ β(x) for every x ∈ [0,∞)
and moreover ˆ 1
0
β(x)
x2−
1
n
dx < +∞ . (7.1)
Given a function β : [0,∞)→ [0,∞), we define, for all k ∈ N and n = 1, 2, . . .
Sβ(n, k) := 2(n−1)kβ(2−nk) and Sβ(n) :=
∞∑
k=1
Sβ(n, k).
We have the following lemma (see [BW18, Lemma 2.15])
Lemma 7.2. Let β : [0,∞)→ [0,∞) satisfy (7.1). Then Sβ(n) <∞.
Proposition 7.3. Let C : Rn → R be an admissible multi-material transport cost. Let µ−, µ+ ∈
M(Rn,Rm) be a pair of compatible measures with compact support. Then, there exists a multi-material
flux T between µ− and µ+ with E(T ) <∞.
Before proving Proposition 7.3, we need to introduce the following notation. For x ∈ Rn and d > 0
we denote by Qd(x) ⊂ Rn the cube centered at x with diameter d, and faces parallel to the coordinate
hyperplanes, henceforth called a coordinate cube. Given a coordinate cube Q and a number k ∈ N, we
denote
Λ(Q, k) := {Qℓ}2knℓ=1
the collection of the 2kn cubes obtained dividing each edge of Q into 2k subintervals of equal length.
We denote by
S(Q, k) :=
2kn⋃
ℓ=1
∂Qℓ
the (n− 1)-skeleton of the grid Λ(Q, k).
Lemma 7.4. Let Q′ ⊂ Rn be a coordinate cube. Let {µh}h∈N ⊂ M+(Rn) be a countable family of
positive measures supported on Q′. Then there exists a coordinate cube Q ⊃ Q′ such that
µh(S(Q, k)) = 0, ∀h, k ∈ N. (7.2)
Proof. Since the statement concerns only sets with measure zero, we can assume that M(µh) = 1
for every h. Denote µ :=
∑
h∈N 2
−hµh. Let Q′′ be a coordinate cube such that dist(Q′, (Rn \Q′′)) ≥ 1.
We can assume that the edge length of Q′′ is an integer number. For every i = 1, . . . , n and k ∈ N we
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denote Hi,k the union of 2k+1 hyperplanes, orthogonal to ei, intersecting Q′′ and partitioning it into
2k slabs of equal volume. Denote also
Li :=
⋃
k∈N
Hi,k.
Since Li+ r ei is disjoint from Li+ s ei whenever r− s ∈ R \Q, then for every i there exists ρi ∈ [0, 1]
such that
µ(Li + ρi ei) = 0.
We conclude that Q := Q′′ +
∑
i ρi ei contains Q
′ and yields (7.2). 
Proof of Proposition 7.3. Let us denote, as in Remark 3.4, ν := µ+−µ− and νj its components,
for j = 1, . . . ,m. We also denote, for every j, (νj)− and (νj)+ respectively the negative and the
positive part of νj , and finally we let ν− and ν+ be the vector-valued measures whose components
are respectively the (νj)−’s and the (νj)+’s. Consider a coordinate cube Q obtained by Lemma 7.4
applied to the finite family of measures {(νj)±}.
For every k ∈ N we consider the discrete approximation σk± of ν± subject to the grid Λ(Q, k),
namely
σk± :=
2kn∑
ℓ=1
θ±ℓ δxℓ ,
where xℓ are the centres of the cubes Qℓ ∈ Λ(Q, k) and θ±ℓ := ν±(Qℓ) ∈ Rm. The core of the proof
is the estimate of the energy for the simplest possible (discrete) multi-material flux between σk± and
σk+1± .
For ℓ = 1, . . . , 2kn we consider the cones Cℓ± over σ
k+1
± Q
ℓ with vertex xℓ (see (3.1)). Denoting
T k± :=
2kn∑
ℓ=1
Cℓ±,
we observe that
div(T k±) = σ
k
± − σk+1± ,
hence T k± is a discrete multi-material flux between σ
k
± and σ
k+1
± .
Consider a cube Qℓ ∈ Λ(Q, k) and the cubes Qℓ,i ∈ Λ(Q, k + 1) (i = 1, . . . , 2n) generated by Qℓ,
namely those cubes in the grid Λ(Q, k+ 1) that are contained in Qℓ. Denoting xℓ,i the centers of the
Qℓ,i’s, and θ±ℓ,i the corresponding multiplicities, the energy of T
k
± is exactly
E(T k±) = 2
−k−2diam(Q)
2kn∑
ℓ=1
2n∑
i=1
C(θ±ℓ,i).
By (5.10), denoting (T k±)j the components of T
k
±, we have
E(T k±) ≤
m∑
j=1
E((̂T k±)j) =
m∑
j=1
2−k−2diam(Q)
2kn∑
ℓ=1
2n∑
i=1
C((θ±ℓ,i)j ej) ,
where θj is the jth somponent of θ. By the definition of admissible multi-material transport cost, and
using that C is non-decreasing with respect to the order relation  in Rm, we have, for j = 1, . . . ,m,
E((̂T k±)j) ≤ 2−k−2diam(Q)
2kn∑
ℓ=1
2n∑
i=1
β((θ±ℓ,i)j) . (7.3)
Moreover, since
2kn∑
ℓ=1
2n∑
i=1
(θ±ℓ,i)j = (νj)±(Q),
then, by concavity of β, we have
2kn∑
ℓ=1
2n∑
i=1
β((θ±ℓ,i)j) = 2
(k+1)n
2kn∑
ℓ=1
2n∑
i=1
2−(k+1)nβ((θ±ℓ,i)j) ≤ 2(k+1)nβ(2−(k+1)n(νj)±(Q)).
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Therefore we deduce from (7.3) that
E((̂T k±)j) ≤
1
2
diam(Q)2(k+1)(n−1)β(2−(k+1)n(νj)±(Q))
=
1
2
diam(Q)2(k+1)(n−1)β(2−(k+1)n)
β(2−(k+1)n(νj)±(Q))
β(2−(k+1)n)
=
1
2
diam(Q)Sβ(n, k + 1)
β(2−(k+1)n(νj)±(Q))
β(2−(k+1)n)
.
Let us write
K(j, k) :=
β(2−(k+1)n(νj)±(Q))
β(2−(k+1)n)
.
If (νj)±(Q) ≥ 1, we have K(j, k) ≤ (νj)±(Q) for every k; otherwise, by monotonicity of β, we have
K(j, k) ≤ 1 for every k. Summing over j = 1, . . . ,m, we conclude from Proposition 5.4 (2) that, for
every N ≤M ∈ N, it holds
E
(
M∑
k=N
T k±
)
≤
m∑
j=1
E
(
M∑
k=N
(̂T k±)j
)
≤ m
2
diam(Q)
(
M∑
k=N
Sβ(n, k + 1)
)
max{1,M(ν±)}. (7.4)
By 5.1 (6), a similar estimate holds for the mass of
∑M
k=N (T
k
±), which implies that the sequence
{SM± :=
∑M
k=0(T
k
±)}M∈N converges in mass to a multi-material flux S±. Moreover, T := S+− S− is a
multi-material flux between ν− and ν+, or equivalently between µ− and µ+. By (7.4), we have
E(T ) ≤ mmax{1,M(ν±)}diam(Q)Sβ(n) . 
7.1. Proof of the stability Theorem 3.11. We will actually prove that every subsequential limit
T∞, with boundary µ+∞−µ−∞, is a minimizer. Without loss of generality we can assume that Th ∗⇀ T∞.
The proof is by contradiction. Assume there exists δ > 0 and a multi-material flux S between µ−∞
and µ+∞ which satisfies
E(S) ≤ E(T∞)− 7δ.
We will use S to construct a competitor Sh for Th (h large enough) such that E(Sh) < E(Th), which
is a contradiction. By the lower semi-continuity of E, there exists h0 ∈ N such that for h > h0 it holds
E(T∞) ≤ E(Th) + δ.
Let Q be a cube obtained by Lemma 7.4. By (7.4), there exists l ∈ N such that, for every h ∈ N
E
(
∞∑
k=l
(Th)
k
±
)
≤ δ,
where
∑∞
k=l(Th)
k
± =: (T
l
h)± is a multi-material flux between the discrete approximation (σ
±
h )
l of µ±h
(subject to the grid Λ(Q, l)) and the measure µ±h . Since µ
±
h
∗
⇀ µ±∞, then, for every ε > 0, there exists
h1 ≥ h0 such that the multiplicity of (σ±h )l − (σ±∞)l has norm less than ε on every cube of the grid
Λ(Q, l) for every h ≥ h1. Since C(θ)→ 0 as θ → 0 (which follows from Definition 7.1), the smallness
of the multiplicities of (σ±h )
l − (σ±∞)l implies that the cone C over
(σ+h )
l − (σ+∞)l − (σ−h )l + (σ−∞)l
with vertex in the centre of the cube Q satisfies E(C) ≤ δ for ε sufficiently small. The final contra-
diction is given by the fact that, for h ≥ h1, the vector-valued measure
Sh := S + C + (T
l
h)+ − (T lh)− − (T l∞)+ + (T l∞)−
is a multi-material flux between µ−h and µ
+
h and by subadditivity of the energy, it holds
E(Sh) ≤ E(S) + 5δ ≤ E(T∞)− 2δ ≤ E(Th)− δ. 
Remark 7.5 (Metrization property of the minimal energy). Given two compatible measures µ−, µ+ ∈
M(Rn,Rm), we denote
W (µ−, µ+) := min{E(T ) : T is a multi-material flux between µ− and µ+}.
Observe that the proof of Theorem 3.11 above contains also the proof of the following fact. If the multi-
material transport cost C is admissible, then W metrizes the weak-∗ convergence; namely if a sequence
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of pairs of compatible measures {µ−h , µ+h }h∈N satisfies µ±h
∗
⇀ µ for some measure µ ∈ M(Rn,Rm),
then W (µ−h , µ
+
h )→ 0 as h→∞.
8. Concluding remarks
We have observed in (5.10) that the energy E(T ) of a flat current T ∈ FRm1 (Rn) is comparable
to the sum of the energies E(Tˆj) of the lifts of its components. At the same time, while proving the
existence Theorem 3.9 we have deduced from Lemma 5.3 that the energy of each Tˆj reduces to
E(Tˆj) = inf
{
lim inf
h→∞
Ej(P
h) : P h ∈ P1(Rn) such that F(P h − Tj)→ 0
}
,
where Ej is the functional on classical polyhedral 1-currents defined by
P =
∑
ℓ
τℓ θℓH1 σℓ 7→ Ej(P ) =
∑
ℓ
C(θℓ ej)H1(σℓ) .
In other words, using standard terminology, E(Tˆj) coincides with the H-mass (see [CDMS17]) of Tj
corresponding to the choice
H(θ) = C(θ ej) .
In light of these considerations, from [CDMS17, Proposition 2.8] one can deduce the following: if
the multi-material transportation cost has the additional property that
∂+C
∂ej
(0) = +∞ for every j = 1, . . . ,m , (8.1)
then every T ∈ FRm1 (Rn) with finite mass and finite energy must necessarily be rectifiable.
In that case and, more generally, in the case of flat currents with finite mass T ∈ FRm1 (Rn), which
enjoy a “physically relevant” property, one can in fact give an explicit integral representation for the
energy E(T ), in the spirit of [BW18, Proposition 2.32]. This is the main goal of the paper [MMST].
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